Abstract. We show that the regularity of monomial ideals whose associated prime ideals are totally ordered by inclusion is linearly bounded.
Introduction
Let K be an infinite field, S = K[x 1 , ..., x n ], n ≥ 2 the polynomial ring over K and I ⊂ S a monomial ideal. Suppose I is fixed by the Borel group B n of upper triangular n × n-matrices over K acting as a group of K-algebra automorphisms of S. If characteristic of K is zero (char(K) = 0) then I is strongly stable, i.e. for each monomial u ∈ I and 1 ≤ j < i ≤ n such that x i |u it follows x j (u/x i ) ∈ I. In this case the regularity of I, reg(I) is the highest degree of a minimal monomial generator of I, denoted deg(I). If char(K) = p > 0 then I is called p-Borel and reg(I) is greater than deg(I) and it is hard to find a reasonable upper bound for it. Bayer and Mumford [BM] , Caviglia and Sbarra [CS] and Mayr and Meyer [MaMe] showed that the regularity of a homogeneous ideal I could grow exponentially with respect of its degree.
Set q(I) = n(deg(I) − 1) + 1. In [CS, Remark 2.5] one shows that reg(I) ≤ q(I) for a homogeneous ideal I of height n. On the other hand, in [Po] , [Ci 1 ] it is showed that reg(I) ≤ ndeg(I) for the case when I is p-Borel or slightly more general. Actually looking more carefully it is clear from the above papers that the bound can be chosen to be only q(I) as we quoted from [CS] and it was remarked already in [Ci 2 ]. It is the purpose of our note to show that the regularity of monomial ideals I whose associated prime ideals are totally ordered by inclusion is bounded by q(I) (see Theorem 2.4). In particular it is valid for the regularity of the so called ideals of the Borel type introduced in [HPV] . Moreover we show that a monomial ideal I is of Borel type if and only if I ≥q(I) is a stable ideal(see Theorem 2.2).
Almost Stable Ideals
Let K be a field and let S = K[x 1 , x 2 , ..., x n ]. A monomial ideal I ⊂ S is called stable (see [EK] ) if for all monomials u ∈ I we have
u ∈ I for all 1 ≤ j < m(u), where m(u) = max{i | x i |u}. I is called almost stable if I ≥q(I) = the ideal generated by the monomials of I of degree ≥ q(I), is stable. Proof. By assumptions, I ≥q(I) and J ≥q(J) are stable ideals. Let u be a monomial from (I + J) ≥q(I+J) . As deg(I + J) = max{deg(I), deg(J)}, it follows that q(I + J) = max{q(I), q(J)} and so we get either u ∈ I ≥q(I) , either u ∈ J ≥q(J) . Applying the stable property given by assumption it follows
as above which is enough.
is almost stable if and only if
Proof. " ⇒ " Suppose that there exists 1 ≤ k < i r such that k ∈ {i 1 , ..., i r }. .u = (
).x a j j ∈ I ≥q(I) for all k < m(u).
If m(u) = j then u belongs to the stable ideal (x 1 , ..., x r ) q(I) and it is enough to show that (x 1 , ..., x r ) q(I) ⊆ I ≥q(I) . Let u ∈ (x 1 , ..., x r ) q(I) then we need to show u ∈ I q(I) , i.e. u = v.x 
Ideals of Borel Type
After Bayer and Stillman [BS] ,a Borel fixed ideals I satisfy the following property: (2.1) (I : x ∞ j ) = (I : (x 1 , x 2 , ..., x j ) ∞ ) for all j = 1, 2, ...n. Herzog, Popescu and Vladoiu (see [HPV] ) say that a monomial ideal I is of Borel type if it satisfy (2.1). We mention that this concept appears also in [CS] as the so called weakly stable ideal. (1) I is of Borel type.
(2) If u ∈ I is a monomial and 1 ≤ i ≤ n such that x q i /u for some q > 0 then for all 1 ≤ j < i there exists an integer t such that x t j (u/x q i ) ∈ I. Our main result is the following: Theorem 2.2. Let I ∈ S be a monomial ideal.Then the following statements are equivalent:
(1) I is an ideal of Borel type.
(2) Each p ∈ Ass(S/I) has the form p = (x 1 , x 2 , ..., x r ) for some 1 ≤ r ≤ n.
(3) I ≥q(I) is stable (i.e I is almost stable).
Proof.
(1) ⇒ (2) is given for example in the proof of [HP, Proposition 5 .2] (actually the equivalence (1) ⇔ (2) is well known).
(2) ⇒ (3) Let I = s e=1 J e be the unique irredundant decomposition of I such that J e are irreducible monomial ideals(see [Vi, Theorem 5.1.17] ). Then J e have the form (x a 1 1 , ..., x ar r ),a ∈ N r and its associated prime ideal satisfies (2) so (by Proposition 1.2) J e is almost stable (see Proposition 1.1).
(3) ⇒ (1). Let u be a monomial of I and 1 ≤ i ≤ n such that x q i |u for some q > 0. By Proposition 2.1 it is enough to show that given 1 ≤ j < i there exists an integer t such that x t j (u/x q i ) ∈ I. We may suppose that deg ( Proof. Renumber the variables x i 's such that I satisfies (2) from Theorem 2.2 and then apply Corollary 2.3.
We mention that the monomial ideals I with Ass(S/I) totally ordered by inclusion are also pretty clean according to [HP, Proposition 5 .1] and in particular sequentially Cohen-Macaulay.
